Abstract. This paper presents a new wideband electromagnetic vibration energy harvester (VEH) composed of a magnetic core embedded into the coil axis. The magnetic core generates a nonlinear magnetic force, which gives rise to the nonlinearity in the behavior of the VEH. Moreover, the magnetic core increases the flux linkage with the coil. These features improve the operational bandwidth and output power of the VEH. Numerical analysis and experimental measurements reveal that the operational bandwidth of the proposed VEH is over 30Hz in which the output power is kept about 0.1mW. Moreover, the proposed VEH operates by complicated oscillation due to nonlinear forces acting on the oscillator. Evaluation of the Lyapunov exponent for the measured oscillation suggests that the proposed VEH produces chaotic oscillation.
Introduction
Energy harvesting has been receiving much attention as a voltage source for low-power electronic devices. So-called harvesting devices make it possible to create self-powered systems. In particular, the harvesting devices can be effectively used in wireless sensor networks for monitoring of structures such as bridges and tunnels [1] [2] [3] . Wireless sensor nodes with the harvesting devices can work for a long time without having to replace their batteries. Hence, the energy harvesting can realize wireless sensor systems with a large number of sensor nodes, which are suitable for monitoring the "health" of structures. The electromagnetic vibration energy harvester (VEH) [e.g. 4 , 5] transforms vibration energy into electrical energy through magnetic induction. The VEHs basically consist of permanent magnets and pick-up coils. The magnets, which are oscillated by ambient vibrations, are placed on a cantilever. As a result, the magnetic flux across the coil temporally changes, and an electromotive force is induced.
Conventional VEHs produce the electrical energy through linear spring-damper oscillations. The maximum output power is thus generated when the ambient vibration matches the natural frequencies of a VEH. Linear VEHs are designed to have a high Q-factor in order to increase the output power at resonance. However, the ambient vibration in real constructions usually has very complicated vibration modes with a wide frequency spectrum [6] . It is clear that linear VEHs can absorb very little energy from such vibrations. To make effective energy harvesting from real-world vibrations, VEHs should have a wide frequency response.
Various approaches to create a wideband VEH have been reported. For example, the frequency range of a VEH has been effectively expanded by adaptive tuning of the mechanical and electrical resonant frequencies of the oscillator [7, 8] . Multi-modal oscillators [9] and arrayed-harvesters [10] , in which the VEHs have multiple resonant frequencies, have also been developed. The aim of these approaches is to increase the bandwidth of a linear VEH. Moreover, wideband operation is made possible by utilizing nonlinear oscillations [11] [12] [13] . Especially, the bistable VEH, which has a double-well potential, has recently been receiving much attentions [14] [15] [16] [17] [18] . In the bistable VEHs, the inertial mass of the device moves between two equilibrium positions when the oscillator can overcome the potential barrier by the vibrations regardless of frequency. For this reason, the bistable VEHs have the potential for broadband operation. Furthermore, it has been shown that bistable VEHs can harvest electrical power under noise excitations.
In this paper, a new wideband VEH which functions by nonlinear oscillation is presented. The proposed VEH contains a magnetic core embedded into the axis of a coil, which strengthens the magnetic force acting on the oscillator. This magnetic force gives rise to the nonlinearity in the behavior of the proposed VEH, through which the bandwidth is broadened. In addition, introducing the magnetic core increases in the flux linkage in the coil and, thus, increases output voltage. The behavior of the proposed VEH is numerically analyzed, and the performance of a manufactured VEH is experimentally evaluated. The experimental results show that the operational bandwidth of the proposed VEH is over 30Hz, in which the output power is kept to about 0.1mW. In addition, according to both analysis and measurement results, the oscillation of the proposed VEH is found to become complicated in a certain frequency range. The evaluation of Lyapunov exponent for the measured oscillation suggests that the proposed VEH has chaotic vibration in the above-mentioned frequency range.
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Design concept
The electromotive force (EMF) V induced in VEHs is equal to the time derivative of the magnetic flux across the coil Φ: that is,
where B is magnetic induction, SC is the cross-sectional area of the coil, and is is the normal vector of SC, respectively. In addition, D/Dt denotes the Lagrange derivative. In (1), for simplicity, the coil volume and number of turns are not considered. It is clear from (1) that V increases with B. One of the effective designs to increase B is to set opposing magnets into the coil [19] . On the other hand, magnetic cores are widely used in electric machinery such as transformers and reactors to increase magnetic flux. This strategy is also effective for VEHs. By introducing magnetic material into the coil axis, the flux across the coil is effectively increased. As the magnetic core for VEHs, soft magnetic composite (SMC) core [20] , which consists of compressed iron-powders coated by electrically insulating material, is employed. Because SMC cores are suitable for the milli-and micro-scaled manufacturing and have relatively large saturated flux density (over 1T), they are suitable for VEHs. The flux distributions in a VEH model with and without a SMC core are shown in figures 1(a) and 1(b), respectively. The flux distributions are computed by the finite element method (FEM), which was used for all numerical computations performed in this study. According to figures 1(a) and 1(b), Φ is 0.97mWb for the VEH with the SMC core and 0.56 mWb for the VEH without the SMC. These results suggests that introducing the SMC core effectively increases Φ. When the SMC core is introduced into the coil, an attraction magnetic force between the SMC core and the magnets is generated. If this magnetic force is nonlinear with respect to displacement, the VEH can function by nonlinear oscillations. In short, it is expected that the SMC core not only improves the efficiency but also broadens the bandwidth of the VEHs. 
Proposed VEH structure
As for the design of the proposed VEH, as shown in figure 2 , the SMC core is introduced into the axis hole of the coil. Wire with diameter of 0.1mm is wound around the SMC core. The number of turns in the coil is 600. Phosphor-bronze is used for the cantilever material with size of 6×9×0.2 mm 3 .
Effective spring constant of the cantilever, k, is 410 N/m. The cantilever is connected to four magnets and their keeper, that is, which are the oscillator of the proposed VEH. The total mass of the oscillator is 3.3g.
In the proposed VEH, the effective flux path is designed so as to increase the flux linkage with the coil. Furthermore, as shown in figure 3 , the direction of the flux in the core dynamically changes in accordance with the relative displacement of the coil from the magnets. The computed EMF in the case with a the SMC core, when the magnets move from 2mm to -2mm at 0.15m/s, is shown in figure  4 . For the comparison, the computed EMF values in the cases without any magnetic core and with a ferrite core, which is widely used for electric devices such as inductors and magnets, are also shown in figure 4 . It is clear that the EMF with the SMC core is larger in comparison with those of the other cases. This result clearly suggests the superiority of the SMC cores. The proposed VEH generates a magnetic force between the SMC core and magnets. The computed magnetic force acting on the oscillator against the relative displacement of the magnets and coil is shown in figure. 5. It is clear from the figure that the magnetic force and spring force act in opposite directions, and the magnetic force is nonlinear with respect to the displacement. As a result, as shown in figure 6 , the total force acting on the oscillator is nonlinear. It is expected that this nonlinearly results in a wide operational frequency range for power generation of the proposed VEH. 
Relation to bistable VEH
The relation between the proposed VEH and bistable VEH is investigated as follows. Bistable VEHs are characterized by a unique double-well potential, which is usually realized through repulsion or attraction forces between magnets [18] . Similarly, the proposed VEH also generates the attraction magnetic force between the magnets and the SMC core. This similarity suggests that the proposed VEH has a bistable structure. To show the relation between the proposed VEH and bistable VEH, the potential energy of the proposed VEH is analyzed. The potential energy E(X) is given by
where X represents the relative displacement between the magnets and coil, Emag(X) is the magnetic energy stored in all the components of the VEH and surrounding air region, which is computed by FEM as follows: where Em(X) denotes magnetic energy density.
The computed potential energy is shown in figure 7 , which shows that the proposed VEH has a double-well potential structure. Accordingly, the proposed VEH can be categorized as bistable VEH. It is therefore expected to operate across a wide bandwidth.
Experiments
Numerical analysis
The behaviour of the proposed VEH is analyzed by the numerical method based on the following spring-damper equation with magnetic force:
where m, c, and k are mass of the oscillator, a mechanical damping constant, and a spring constant, respectively, and Ysin(ωt) is input vibration. In addition, F(X) is the magnetic force acting on the oscillator which is approximately expressed by a polynomial of X. The coefficients in the polynomial are determined by the least-squares method to fit the magnetic force computed by FEM shown in figure 5 . Note here that the spring-damper model (5) expresses the essential property of the system, although it is not be very accurate because the magnetic force also depends on the current path in the coil. It is assumed that the influence of the coil current on F(X) is negligible. Equation (5) is numerically solved using the Runge-Kutta method by applying a sinusoidal input, in which m and k are set to 3.3g and 410N/m, respectively, and c is assumed to be 0.05. Moreover, acceleration level ω 2 Y is fixed to 1.0g for all the frequencies. Amplitude of displacement, XRMS, against input frequency is plotted against input frequency in figure 8. A broad peak in XRMS appears in the frequency range from 20Hz to about 50 Hz. It can therefore be expected that the main output power is obtained in this frequency range. Time variations of X and the trajectories on the phase plane of X and its velocity are shown in figures 9 and 10, respectively. These figures show that the behaviour of the proposed VEH changes significantly with input frequency. In the range between 20Hz and 40Hz, the proposed VEH operates by the interwell oscillations, in which the oscillator travels between two equilibriums. Moreover, the motion at 40Hz is found to be complicated in comparison with that at other frequencies. On the other hand, the amplitude of X at 60Hz is small. It is thus concluded that the VEH operates by the intrawell oscillation. This is because the oscillator cannot overcome the potential barrier at this frequency. These analysis results correspond well with previously reported behaviours of bistable VEHs [18] .
Measurements
Measurement overview
The proposed VEH was manufactured as shown in figure 11 . The set up for measuring oscillation and output of the VEH is shown in figure 12 . Sinusoidal vibration was applied to the base of the proposed VEH, and the acceleration level was fixed to 0.6g at all the frequencies. The time variation of the oscillator displacement was measured by a position sensor. A resistive load of 300Ω was connected to the coil, and the load voltage was measured by oscilloscope. Because the main purpose of this measurement is to reveal the output characteristic against frequency, impedance matching between the VEH and circuits was not considered. 
Output power characteristics
The displacement of the oscillator and the load voltage were measured for three times, and their average amplitudes, XRMS and VRMS, were computed. The measured XRMS and VRMS are shown in figures 13 and 14, respectively. From figure 13 , we can see that the measured response is laterally shifted in comparison with analyzed response shown in figure 8 . In addition, double peaks appear in figure 13 . One of reasons for the differences between analysis and measurement is thought to be due to manufacturing error. In the numerical analysis, the reference positions of magnets and coil are assumed to be equivalent. However, in the manufactured VEH, the reference position of the coil is not equal to that of the magnets. This manufacturing error causes the change in the potential energy shown in figure 7 . As a result, the measured frequency response does not perfectly matches the numerical results. It is found from figure 14 that, within the range between 40Hz to 70Hz, VRMS is over 0.1 Vrms, in which power consumption of the load is about 0.1mW. Namely, the bandwidth for power generation is over 30Hz. In that range, the output power is kept almost constant.
Time variations of X and V are shown in figure 15 . Three distinct behaviors that depend on input frequency can be seen. The motion of the proposed VEH becomes complicated as frequency increases, as predicted by the numerical analysis mentioned in Section 3.1. At 80Hz, the amplitude of the oscillation is much smaller than that at 60Hz. It is thus concluded that the behavior at 80Hz corresponds to the intrawell oscillation.
These measurement results qualitatively agree with the numerical results. Hence, it is concluded that the proposed VEH has a bistable structure by which the bandwidth for power generation is broadened. 
Complexity analysis
To clarify the property of the observed complicated motion, the complexity of the oscillation is evaluated. The trajectories for X are reconstructed based on the method of delay [22] in which the embedding dimension and delay τ are set to 6 and 0.4ms, respectively. The reconstructed attractors from X are plotted in figure 16 , according to which the reconstructed attractors at 40Hz and 60Hz show different characteristics. At 60Hz, the attractor is similar to the Lorentz attractor whose behavior is chaotic. To analyze the complexity of the trajectories, the Lyapunov exponent, λ, is evaluated using the Rosenstein method [23] . A positive λ corresponds to the chaotic oscillation, whereas negative or zero λ corresponds to the non-chaotic oscillations. However, when λ is computed from measurement data, it is known that λ results in positive even if the oscillations are non-chaotic because of the randomness due to noise. To reduce the noise effects, λ is thus computed for 1000 times, and its average is taken. (Note here that the Rosenstein method uses a random number in its algorithm.) The averaged value of λ is shown in figure 17 , which shows that the λ values at 60Hz and 65Hz are clearly larger than those at the other frequencies. Histograms of λ at 40Hz and 60Hz are shown in figure 18 , which shows that the distributions of λ at 40Hz and 60Hz are statistically quite different. This result shows a statistical difference in the characteristics of their motions. Since λ for the motion at 60Hz is clearly positive, it strongly suggests that the motion at 60Hz is chaotic.
The complexity of the oscillations can be clarified through the Lyapunov exponent. It can be seen from figure 17 that λ increases with increasing frequency from 50Hz to 65Hz, and then λ drops at 70Hz. As shown in figures 15(c) and 16(c), the behavior of the VEH at 80Hz corresponds to intrawell oscillations at which λ takes a smaller value than that at 60Hz and 65Hz. These results indicate that the motion characteristic of the VEH changes at 70Hz. In other words, the behavior of the proposed VEH becomes chaotic before the threshold frequency at which the motion transits to intrawell oscillation.
Conclusion
The wideband VEH using an SMC core embedded in the axis hole of the coil has been proposed and fabricated. As for the proposed VEH, a nonlinear magnetic force between the magnets and SMC core creates a bistable structure. Moreover, the SMC core increases the flux linkage with the coil. The behavioural characteristic of the proposed VEH in regard to input frequency has numerically been analysed on the basis of the spring-damper equation with magnetic force. The analysis result shows a broad peak in displacement ranging from 20 to about 50 Hz occurs. It also shows that the proposed VEH has three distinct behaviours depending on the input frequency. The responses of the proposed VEH for X and V against frequency were measured. The measurement results show that operational bandwidth of the proposed VEH is over 30Hz in which, within the range between 40 to 70Hz, VRMS is over 0.1 Vrms at which power consumption of the load is about 0.1mW. The measured time variations of X also shows three distinct behaviours depending on the input frequency. The trajectories for X have been reconstructed, and the Lyapunov exponent for the reconstructed trajectories have been computed. From the Lyapunov exponent, it is suggested that the oscillations at 60Hz and 65Hz are chaotic. It is concluded that a wideband VEH with a bistable structure can be created by introducing a magnetic core into the coil to increase the induced electromotive force.
